MOD 2 COHOMOLOGY OF 2-LOCAL FINITE GROUPS OF LOW RANK 



SHIZUO KAJI 



Abstract. We determine the mod 2 cohomology over the Steenrod algebra ^2 of the 
classifying space of a free loop group LG for G = Spin{7), Spin{8), Spin{9), F4,, and DI(4). 
Then we show that it is isomorphic as algebras over ^2 to the mod 2 cohomology of the 
classifying space of a certain 2-local finite group of type G. 

1. Introduction 

In IIKuL Kuribayashi considered the cohomology of the free loop space LX over a space 
X by developing a tool called the module derivation, which is a map from the cohomology 
of X to that of LX with degree -1 having some nice properties. 

A free loop space LX can be considered as the homotopy fixed points space of the 
identity map of X. In addition, for a prime p, the mod p homotopy type of the classifying 
space of a certain finite group also occurs as the Bousfield and Kan p-completion of the 
homotopy fixed points space of the self-map of the classifying space BG of a compact Lie 
group G, namely the unstable Adams operation ([FJ). From this point of view, Kishimoto 
and Kono ( |KK| ) generalized Kuribayashi's method to calculate the cohomology of the 
homotopy fixed points space of a self-map (p of X, which they call the twisted loop space 
L^X. 

When the cohomology of BG is polynomial algebra, the calculation of the cohomology 
of the homotopy fixed points space sometimes reduces to an easy computation using 
their method. In this note, we give actual computations for the mod 2 cohomology over 
the Steenrod algebra of the classifying spaces of free loop groups LG of G and 2-local 
finite groups (IBMJ) of type G with G = Spin{7), Spin{8), Spin{ 9), f 4. and D;(4) the finite 
loop space at prime 2 constructed by Dwyer and Wilkerson ( |DW| ). And we have the 
following Theorem: 

Theorem 1.1. We have the following isomorphisms of algebras over the Steenrod algebra 
H*{BLSpin{n); Z/2) - H*{Spinniq)} Z/2) (n = 7, 8, 9) 
H*(BLf 4; Z/2) = H*{F^{q);X/2) 
H*(BLDJ(4);Z/2) = H*{BSol{q);Z/2), 
where q is an odd prime power. 

Note that H*(BLG; Z/2) = H*(LBG; Z/2) (see for example fKu. §2]). For G = Spin{7), 
Spin{8), Spin{9), f 4, and DJ(4), the explicit computations for H*{LBG; Z/2) are given in the 
sections §3, §4 and §5. 
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2. Main tool 



Here we summarize the result of LKKJ necessary for our purpose. Let (p he a based 
self-map of a based space X. The twisted loop space l^,pX of X is defined in the following 
pull-back diagram: 

UX ^ xIO'i] 



egxei 



Ixch 

X ^XxX 



where (/ = 0, 1) is the evaluation at i. In other words, ]L(^X is a space of all continuous 
maps / from the interval [0, 1] to X which satisfy /(O) = 
The twisted tube T(^X of X is defined by 



(o,x) = (i,^>M) 

and there is a canonical inclusion l : X T(i,X, where t(x) = {0,x). 

Remark 1. When (p is the identity map, then ]L(^X is merely the free loop space LX and 
T^X = X X. 

The cohomology of TcpX and X is related by the Wang exact sequence 

(A) • --W-^X-^R) H"-i(X;R) ^ H"{T^X;R) ^ H"(X;R) H"{X;R) ■■■ , 

where R is any commutative ring. In particular, this exact sequence splits off to the short 
exact sequences when H*{(p;R) is the identity map. 
Let ev he the evaluation map 

S^xLX ^ X 

(tj) ^ m. 

Then for any commutative ring R, a map ox '■ H*{X; R) — > H*~^ (LX; R) is defined by the 
following equation: 

ev*{x) = 3® axix) + l®x, {x e H*(X; R)), 

where s € H^(S^; R) is a generator. On the other hand, we define a map in : I^cpX — > LT(^X 
by 

L^X ^ LT^X 

/ th^{t, l{t)). 

Then the twisted cohomology suspension is defined by the following composition 

: H*(T<^X;R) H*-\LT^X;R)) ^ H*-\lL^X;R). 

Moreover, if we have a section r : H*(X; R) — > H*(T(^X; R) of t*, we can define another map 
d^ = rod^: H*iX;R) ^ H*-\^^X;R). 

Remark 2. When (p — Id the identity map, we can take the section r = n*, where n : T^X — 
X X ^ X is the projection. Then = ax and d(p also coincides with Kuribayashi's 
module derivation Dx defined in |Kul. 
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The map dff, together with the Wang sequence above relates the cohomology of X to 
that of L^X. 

We consider the following conditions: 

{(i) H*(X; Z/2) is a polynomial algebra Z/2[xi,X2, ... , Xi], 
(ii) H*((/); Z/2) is the identity map, 
(iii) H"{(p; Z/4) is the identity map for all odd n and n = mod 4. 

Then the result of |KK] specializes to the following Proposition. 

Proposition 2.1 (Kishimoto-Kono). Assume that (i) and (ii) in the conditions (*) are satisfied. 
Suppose that there is a section r : H*(X;Z/2) H*(T(^X;Z/2) of l*, which commutes with the 
Steenrod operations. Then we have 

(1) H*(L^X; Z/2) = Z/2[e*(xi), e*ix2l e*(x/)] ® A(a^(xi), d^{x2), a^(x/)), where e : 
]L(^X X is the evaluation at 0. 

(2) a^ixy) = d^{x)e*{y) + e*{x)d^{y) for x,y e H*(X;Z/2) 

(3) commutes with the Steenrod operations. 

In the rest of this note, we restrict ourselves to the case when X - BG, where G is either 
Spin{7), Spin{S), Spin{9), F4, or DJ(4). 

When is the identity map, L^BG is merely the free loop space LBG, which is homotopy 
equivalent to BLG (see for example |Ku, §2]). Then the conditions (*) is trivially satisfied. 
Moreover, we can take n* as a section r of C which commutes with the Steenrod operations, 
where 71 : x X — > X is the projection. Hence we can calculate H*{BLG;'^/2) by above 
Proposition. 

For G = Spin{7), Spin{8), Spin{9), F4 and a odd prime power q, there is a self-map xp'^ of BG 
called the unstable Adams operation of degree q ([WJ), where H^' Q) is multiplication 
by q''. When cf) = ip'^, the conditions (*) is satisfied. The Bousfield and Kan 2-completion 
( |BK| ) of L(^BG is known to be homotopy equivalent to that of the classifying space of a 
finite Chevalley group of type G{q) ([FJ). Hence we can calculate H*{G{q)} Z/2) by above 
Proposition. 

For G = DJ(4) and a odd prime power q, Notbohm (IHl) showed that there is a self- 
map ip'^ of BDJ(4) also called the unstable Adams operation of degree q (fN)), where 
H^''(i^'?; Q^) is multiplication by q''. When (f) = xp'^, the conditions (*) is satisfied. Using this 
map, Benson ([BJ) defined the classifying space BSol{q) of an exotic 2-local finite group 
as L^iBD7(4) which can be regarded as the "classifying space" of Solomon's non-existent 
finite group ([SJ). Hence we can calculate H*{BSol{q)}Z/2) by above Proposition. 

To sum up. Theorem 11.11 reduces to the computation of H* (Lj^BG; Z/2), where (p is 
the identity map or ip'^. In the following sections, our main observation is to construct 
a section r : H*(BG; Z/2) — > H*(T(^BG;Z/2) which commutes with Steenrod operations 
when (p = xp'^ to show the following: 

Theorem2.1. LetG = Spin{7),Spin(8),Spin{9),F4orDI{4:). Tten H*(LBG; Z/2) ^ H*(Li;,,BG; Z/2) 
as algebras over the Steenrod algebra ^2, where xp^ is the unstable Adams operation of degree an 
odd prime power q. 

3. Computations for G = Spin{7), Spin{8), Spin{9) 

The mod 2 cohomology over ^2 of BSpin(7),BSpin{8) and BSpin{9) are well known 
( lOllKo l). Since we rely on these results, we recall them here. 
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H*{BSpin{7); Z/2) = Z[a;4, w^, wy, ws] and the action of JI2 is determined by: 



IV4 
Sq^ 
Sq^ W(, 



W-j 










W8 






Sq W4W(, ZV4W7 w^ivs- 

H*{BSpin{8); Z/2) = Z[if4, W(„ wy, lus, eg] and the action of JI2 is determined by: 



Sq^ 
Sq^ 

Sq"^ 



We 
2 



We 
W7 




IV7 





W8 











iv^we W4W7 W4XO8 w^es- 



W4 


We 






ei6 





W7 











We 














2 

w\ 


w^we 


Wj^Wy 


W4W8 














wl 


^8616 + w] 



H*{BSpin{9); Z/2) = Z[zf4, we, a;7, ws, eie\ and the action of ^2 is determined by: 

Sq^ 
Sq^ 
Sq^ 
Sq^ 

Based on these results, we compute the mod 2 cohomology of classifying spaces of free 
loop groups LG for G = Spin{7), Spin{8), Spin{9). 

Proposition 3.1. H*{LBSpin{7);X/2) = Z/2[vi,ve,V7,vs,y3,y5,y7]/I = i,\yi\ = i), 

where I is the ideal generated by 

{yj + yjvi + yo,v7, y\ + ylve + 1/5^7, y} + 1/3^^8 + yiVj]. 
The action of ^2 is determined by: 



V4 

Sq"" 
Sq^ ve 



ve 
V7 









^^8 











ys 

y^ 










S(J^ V\ V4Ve ViVj ViV8 U 1/3^6 + y5l^4 y3J^8 + y7Z^4- 

Proof. We apply Proposition 12. 1 1 when cp = Id the identity map. Since L/^BG = LBG and 
T(j,X = X X, we can use Proposition 12.11 with r = n*, where 71 : X X ^ X is the 
projection. 

We take = e*{wi), = didiwi) (i = 4, 6, 7, 8). Then by Proposition 12. 1 1 (1) . we have 
H*{LBSpin{7);Z/2) = X/2[v4,,ve,V7,V8] ® A[y3,y5,ye,y7l By Proposition O (2) and (3), 
the action of JI2 on the generator (z = 4, 6, 7, 8) is obvious, and on y, (z = 3, 5, 7) we 
calculate as follows: 

didiSq^w^) = 
5H(a^6) = ys 

ye 



oidiWiWe) = dM{iV4)e*{we) + a7d(a;6)e*(w4) = y3Ve + 1/5^^4 



djdiWiWs) = 1/3^8 + y7y4- 



Sq^ys = Sq'^diaiWi) 
Sq^y3 = OMiSq^Wi) 
Sq^ys = diaiSq^we) 
Sq^ys = oidiSq^we) 
Sq^ys = didiSq'^We) 
Sq^y? = OidiSq^Ws) 
Sq^y? = didiSq^Ws) 
Sq^y? = djdiSq^Ws) 
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On the other hand, with the aid of the Adem relations, we can determine the ring structure 
as follows: 

yl = Sq^yo, = Sq^Scj^ys = Sq^ys = ye 

yl = Sq^y5 = Sq^Sq'^y^ = Sq^iysv^ + 1/3^6) = ]/6J^4 + ysv? = yjv^ + 1/3^7 
yj = Sq'^yj = Sq^Sq^Sq^yv = Sq^Sq^iysVg + 1/7^4) = Sq^iysVg + yv^e) = yj^s + yv^y 
yl = yl = Sq^ye - {Sq^Sq"^ + Sq^Sq^)y(, = d^{{Sq^Sq'^ + Sq^Sq^)w7) 
= OcpiSq^w^Wy) = d^{w(,W7) = ysvj + v^y^. 

□ 

Now we proceed to the computation of the mod 2 cohomology algebra over ^2 of a 
finite Chevalley group of type Spin7{q) for an odd prime power q. The Bousfield-Kan 2- 
completion of the classifying space of Spin7{q) is shown to be homotopy equivalent to the 
Bousfield-Kan 2-completion of ]L^/(BS/?m(7) by Friedlander ([FJ) where ip'^ is the unstable 
Adams operation of degree q. Thus H*(Lijj>iBSpin{7); Z/2) = H*{Spin7{q); Z/2) as algebras 
over the Steenrod algebra 

Proposition 3.2. For cp - the unstable Adams operation of degree an odd prime power q, 
H*{l.(f,BSpin{7);X/2) is isomorphic to H*{LBSpin{7);Z/2) as algebras over ^2- 

Proof. By Proposition l2.1l we only have to construct a section r of t* : H*(T(^BS/?m(7); Z/2) —■ 
H*{BSpin(7);Z/2) which commutes with the Steenrod operations. To do so, we care- 
fully choose an element of (t*)"^(w,) c H'{T(pBSpin{7);X/2) for each generator iVi of 
H'(BSpin{7); Z/2) so that the action of ^2 on it is compatible with that on iVj. 

As mentioned in the first section, now the conditions (*) are satisfied and the Wang 
sequences (|A]) for R = Z/2 and Z/4 split to the short exact sequences 

^ H*-i(BSpm(7); Z/2) ^ H*(T^BSpm(7); Z/2) ^ H*(BSpm(7); Z/2) ^ 0, 

^ H"-i(BSpm{7); Z/4) ^ H"(T^BSpm(7);Z/4) ^ H"-\BSpin(7);X/^) 0, 
where n = mod 4. 

Let M4 6 H^(T^BSpm(7);Z/2) ^ Z/2 be a generator and we put U(, = Sq^u^, U7 = Sq^U(,. 
By the Wang sequence for Z/2, we have that H^{l[if)BSpin{7);Z/2) is generated by 6(107) 
and any element Wg e (t*)~^(zi;8). Note that wg, is the mod 2 reduction of a generator of 
H^{BSpin{7)}'Z). Thus from the Wang sequence for Z/4, we have that Wg is in the image 
under p, where p is the mod 2 reduction map in the following Bockstein sequence 

^ H8(T<^BSpm(7);Z/2) ^ H*^(T^BSpm(7);Z/4) A H*^(T^BSpm(7);Z/2) 
^H'^(T^BSpm(7); Z/2) - . 

Therefore we have Stj^{t/g) = 0. Furthermore, using the Wang sequence for Z/2, we have 
Sq\ = since E^{BSpin{7);'Z.I2) = and I'^iSq^) = Sq^L*{u'^) = Sqhvs = 0. 

Now we want to replace Wg with the one compatible with the action of Sq'^ on Wg, 
without changing the action of Sq' for / < 8. 

Since H^^{BSpin{7);Z/2)) = Z/2 is generated by IV4W7 and L*{Sq'^u'g) = Sq^wg = w^ws, 
we have Sq^ii'g = u^u'g + £6{iViW7), where e = or 1. We put ug - u'^ + £6(107). Since 
6{'W4W7) = 6{Sqhv7) - Sq'^6{'W7), we have Sq'^iug) = U4US. Since Sq'^6{w7) = 6{Sqho7) = 
0, (z = 1,2), we have Sq\us) = 0, {i = 1,2). 
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Take r to be the ring homomorphism defined by riiJOi) = Ui {i = 4, 6, 7, 8), then r is a 
section of i* which commutes with the Steenrod algebra n 

Now we proceed to the case when G = Spin{8). 

Proposition 3.3. H*(LBSpm(8); Z/2) = Z/2[v4,Ve,V7,V8,f8,y3,y5,y7,Z7]/I {\vi\ = i,\yi\ = 
i, li^sl = 8, \z7\ = 7), where I is the ideal generated by 

{yl + yjvi + ysvy, y\ + y\v(, + y^v^, y\ + y\v8 + yjVT,!^ + 1/3/8 + Zjv-j]. 

The action of ^2 is determined by: 

V4 V6 V7 V8 fs 1/3 1/5 1/7 Z7 

Sq'^ V7 yj 

Sq^ ve y5 

Si?'^ vl ViVe V4V7 174178 174/8 y-iVe + ysVi y3V8 + y7Vi yzf^^ziv^. 

Proof. Completely parallel to the case of Spin{7) since the generator es e H^{BSpin{8); Z/2) 
looks same asw8. □ 

A finite Chevalley group of type Spinsiq) has the mod 2 cohomology algebra over J?l2 
isomorphic to H*{I^^BSpin{8);Z/2), where q is an odd prime power. And we have 

Proposition 3.4. For (p = ip'^ the unstable Adams operation of degree an odd prime power q, 
H*{l.fpBSpin{8);Z/2) is isomorphic to H*(LBSpm(8);Z/2) as algebras over Jl2. 

Proof. We can construct a section r completely parallel to the case of BSpin{7). □ 

Now we proceed to the case when G = Spin{9). 

Proposition 3.5. H*(LBSpm(9); Z/2) = Z/2[i74, 175, 177/ ^^8,/i6/ 1/3,1/5, 3/7/ zis]/^ (bil = iAyil = 
i, l/iel = 16, Iziel = 16), where I is the ideal generated by 

iyl + 3/3^^7 + v^yl, yj + y^ve + 1/5^7, + y^vs + yiVT.T^^^ + V7V8Z\^ + 1771/7/16 + y\v8f\e\- 
The action of ^2 is determined by: 





174 


V6 


Z77 




he 




ys 


y7 


Zl5 


Sq^ 





V7 














y^ 








Sq^ 
















ys 











Sq^ 


-I 




V4V7 


V4V8 








1/3?:76 + 1/5Z74 


1/3178 + l/7t^4 





Sq^ 













v?.fie + v\fie 











h 



where h = yvfie + ^^sZis + ^^4215- 

Proof. In dimensions lower than 9, the calculation is completely same as in the case of 
BSpin{7). Wetake/i6 = e*{ei(,), Z15 = ^^(eie). Then we have only to calculate the following: 

Sq^zi5 = ajdiSq^eie) = ^7^(^^8616 + ^leu) = y7/i6 + 1^8215 + ^^4215 

z^5 = Sq^^zis = djdiSq^^eie) = djdiSq^Sq^eie) = ouiSq^imseK, + wjeie)) 

= djdiSq^Sq'^iw8)ei(, + Sq^Sq^{wl)ei(,) = did{Sq^Sq^{w4W8)ei6 + Sq^{wl)eie) 
= du{w7W8ei(,) = V7V8au{ei(,) + du{w7W8)fie = V7V8Z15 + 1771/7/16 + ylvsfie- 

□ 
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A finite Chevalley group of type Sping{q) has the mod 2 cohomology algebra over ^2 
isomorphic to H*{l^^BSpin{9); Z/2), where (p = i/'g5p,„(9) and q is an odd prime power. And 
we have 

Proposition 3.6. For (p - i/^ggp^-^^g^ the unstable Adams operation of degree an odd prime power 
q, H*{]LipBSpin{9);Z./2) is isomorphic to H*(LBSpm(9);Z/2) as algebras over JK^. 

Proof. In dimensions lower than 9, we can construct a section rBSpin(9) completely parallel 
to the case of BSpin{7), namely rBSpin(9){wi) = Ui (i = 4, 6, 7, 8). 

Now the conditions (*) are satisfied and the Wang sequences (O for R = Z/2 and Z/4 
split to the short exact sequences 

^ H*-^(BSpm(9);Z/2) ^ H*(T^BSpm(9);Z/2) ^ H*{BSpin{9);X/2) 0, 



^ H"-i(BSpm(9);Z/4) ^ H"(T<j,BSpm(9);Z/4) ^ H"-i(BSpm{9);Z/4) ^ 0, 
where n = mod 4. 

Using the Wang sequence for Z/4 and the Bockstein sequence, we can choose an 
element h[^ e ker{Sq^) c (iTHeie) ^ H^^{T^BSpin{9)-'Z.ll) by the same observation for 
W8 in the proof of BSpin{7). 

Then by the Wang sequence for Z/2, we have Srj^/i^^ = £16(^4 wgri^y) since H^''(BSpm(9);Z/2) ^ 
Z/2 is generated by zi;4W6H;7 and t*(S(^^/j^g) = Sq^eie = 0. Then Sq^Sq^h'^^ - ei6{Sq^{w4W(,W7)) - 
eidiiv^wy). Since Sq^Sq^ = Sq^Sq^ by Adem relation and Sq^h'^^ = 0, ei must be 0. 

Similarly we have Sq'^h'^^ = ezdiw^w?) + ejdiw^wj) + eidiWiWyWs)- Then we have 
Sq^Sq'^h'^^ = e26{w4W^W7) + e^b{w4w'^W7) + e/^biiv^wjw^). By Adem relation we have 
Sq^Sq'^h'^^ = (Sq^Sq^ + Sq^Sq^)h'^^ = 0. Therefore we have £2 = £3, £4 = 0. Put hi(, = 
+ £25{'w^W7), then we have Sq'^hi(, - since Sq'^iiv^wy) = iv^wj + iv^wj. Note that we 
also have Sq'hi(, - (i - 1,2) since Sq'iw^Wj) - (i = 1,2). 

Similarly we have Sq^hif, = M8^16 + "4^16 + ^d^i'w'^Wj) + e^diw^WyWs) + ejdiWiW^^w^) + 
esb{w7w'^ + e()b{w7ei(,). By Adem relation S(j^S^j^//i6 = and we have £5 = £7 = eg = 0,e6 = 
es- Replacing hi(, by ?ii6 + e66(w7Zi'8) we have Sq^hi^ = Ms^Jie + "4^16 and Sq'hi^ - {i < 8). 

Define J'BSp!>i(9)(^i6) = ^^16/ then rBSpin{9) is a section of t* which commutes with the 
Steenrod operations. □ 



4. Computations for G = F4 

The same method applies for the case of simply connected, simple exceptional compact 
Lie group f 4. 

We first recall the mod 2 cohomology of Bf 4. Denote by / the classifying map of the 
canonical inclusion Spin{9) "-^ F4. Kono determined the mod 2 cohomology algebra over 
^2 in [KoJ as follows: 



H*(Bf4;Z/2) = Z[X4,X6,X7,Xi6,X24], 
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where f (X4) = W4, i*{X(,) = iV(„ fix?) = Wy, i*{xi^) = eie + w^, f (X24) = ivgei^ and the action of 
^2 is determined by: 



X4 X6 X7 xie X24 
Sq^ X7 
Sq^ xe 

Sq^ X^ X4X6 X4X7 ^4^24 

Sq^ X24 + ^4^16 ^4^24 



Sq^^ X^^ Xi(,X24 + X4X^X24- 



Then we can compute the mod 2 cohomology of classifying space of the free loop group 
Lf 4 just as in the same manner in the previous section. 

Proposition 4.1. H*(LBf4;Z/2) = X/2[v4,V(„V7,Vie,V24.,y3,y5,yi5,y23]/I {l^il = i,\yi\ = i), 
where I is the ideal generated by 



iyl + ys^y + v^yl, yt + veyl + ysv?, y\, + ^^71/23 + V2^y\, y\^ + 3/31^16^^24 + ^71^243/15 + V7vxi,y2z\- 



The action of ^2 is determined by: 





^4 






^16 


V2i 


Sq^ 





v? 











Sq^ 
















Sq^ 


-I 




V4V7 





V4V2i 


Sq^ 











^24 + vjvie 


Vlv2i 


Sq^'' 













VieV2i + Vivlv2i 


Sq^ 


ys 


ys 


yi5 


y23 

















Sq^ 


ys 













Sq^ 





1/3J76 + ^^4y5 





1/31724 + y4y23 




Sq^ 








y23 + i^yis 


^'4y23 




Sq^^ 











h 





where J2 = V24yi5 + vxeyzi + y3^V24 + V4vly23. 

Proof. We take = e*(x;), i//_i = aH(x,) (f = 4,6,7,16,24). Then In dimensions lower 
than 9, the calculation is completely parallel to the the case of BSpin{9). And the rest are 
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as follows: 

Sq^yis = didiSq^xie) = 
Sq^yis = auiSqhie) = 
Sq%5 = diiiSq'^Xie) = 

Sq^yis = didiSq^xie) = ff7rf(x24 + xjxie) = 1/23 + "41/15 
Si?^i/23 = oid{Sq^X2i) = 

S(?^1/23 = Oid{Sq^X24) = 

S^?^l/23 = OidiSq^i) = ajrf(x4X24) = 1/3^^24 + ^^43/23 
S^?^l/23 = Oid{Sq^X24) = aid{xlx2i) = ^41/23 

Sq^^yi?, = did{Sq^^X2Ji) = did{XieX2i + ^4X^X24) = 1/15^^24 + ^^163/23 + 1/3^^6^24 + ^^45^61/23 

1/15 = Si?^^i/i5 = f^HiStj^^xie) = did{Sq^Sq^xie) = did{Sq'^X24) = did{x7X2i) = ^73/23 + yl^n 
t/23 = Sq^^y23 = did{Sq^^X2i) = dmiSq'^ Sq^^ X24) = uiSq^ {xieX2i + X4XgX24)) 

Old{XieSq^{X2J^) + S(J^Stj'^(XgX24))) = aH(X7Xi6X24) = ylvieV24. + ^^71/15^^24 + y7^^16y23- 

□ 

A finite Chevalley group of type Fj^iq) has the mod 2 cohomology algebra over j^2 
isomorphic to H*(]L(^BF4;Z/2), where (p = and q is an odd prime power. And we 
have 

Proposition 4.2. for (/) = the unstable Adams operation of degree an odd prime power q, 
H*(L(j(,BF4;Z/2) is isomorphic to H*(LBF4; Z/2) as algebras over ^2- 

Proof. By |JMO[ the following diagram is homotopy commutative 

BSpin{9)^'^-^BSpin{9)^ , 



(0? 



(BFi)^ (BF,)^ 

where X2 is the Bousfield-Kan 2-completion of X. By the naturality of the construction 
of the twisted tube, there is a map T(p{i)2 '■ T^BSpm(9)2 T^{BF4)^, which makes the 
following diagram commute: 

0^H*-HBSpini9);Z/2)^H*{T^BSpin{9y,Z/2f^H*{BSpin{9)}Z/2) 

H*-\BF4; Z/2) H*(T^Bf 4; Z/2) . H*{BF^; Z/2) 0, 

where the horizontal lines are the Wang sequences. Since i* is injective for degrees less 
than 48, so is {T(p{i)^)*. Then we can define a section rgf^ of i*^^^ as 

rBF,{xi) = ((T^(02 ° rBSp,n(9) o i*{xi), {i = 4, 6, 7, 16, 24), 
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where rBSpin(9) is the section of iggp^-^^gj constructed in the previous section. For the com- 
mutativity with the Steenrod operations, we have only to consider the degrees less than 
or equal to |S(j^^a;24| = 40, thus we have that r commutes with the Steenrod algebra. □ 



5. Computations for G = D7(4) 

In [DW| . Dwyer and Wilkerson constructed a finite loop space DJ(4), whose classifying 
space BD7(4) has the mod 2 cohomology isomorphic to the mod 2 Dickson invariant of 
rank 4, that is, H*(BD7(4);Z/2) = Z/2[x8,Xi2,Xi4,Xi5], where \xj\ - j. The action of J?l2 is 
determined by: 





X8 


Xl2 


Xu Xi5 










Xl5 


Sq^ 





Xu 





Sq^ 










Sq' 


■^8 


^8^12 


XgXu X8X15 



In ([B]), Benson defined the classifying space BSol(q) of an exotic 2-local finite group 
as L^,qBDI{4i), where q is an odd prime power and ip'^ is the unstable Adams operation of 
degree q constructed in [N]. Recently in |G|, Grbic calculated the mod 2 cohomology of 
BSol{q) over ^2 by using the Eilenberg-Moore spectral sequence. Here we confirm it by 
the same method in previous sections. To do so, we first calculate the mod 2 cohomology 
of the free loop space LBDI{A). 

Proposition 5.1. H*(LBDJ(4); Z/2) = Z/2[z;8,^^i2/^^i4,z^i5/ 3/7, 1/11, J/islZ-f (l^^;! = = i), 

where I is the ideal generated by 



{y^ + 1/13^15 + vuyj, y\i + vjyis + v^y^j, y\^ + 1/11^15 + wi2t/7}- 



The action of JI2 is determined by: 



Vs V12 Vu Vi5 

Sq^ Wi5 

Sq^ ui4 

Sq'^ V12 

Sq^ vj vsVi2 vsvu vsVis 



y2 

yi3 

yn 

Us 1/11 + y7Vi2 vsyn + y7Vu- 



Remark 3. Kuribayashi has also this result in l|Ku|l . 
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Proof. We take Vi - e*{xi), = djdixi) (i - 8, 12, 14, 15). Just as in the previous calcula- 
tions, we have 

Sq^yi = did{Sq^Xi+i) = {i = 7, 11) 
Sq^yi3 = didiSq'^xu) = oiaixis) = yu = 1/7 
Si^^y; = duiSq^Xi+i) = (/ = 7, 13) 

Sq^yu = didiSq^Xu) = ff/rfC^^M) = 1/13 
Si^^'y; = 57d(S(?'^Xi+i) = (/ = 11, 13) 
Sq^y? = dM{Sq%) = duixu) = yii 
Sq^y? = didiSq^Xs) = 

Sq^yu = did{Sq^Xi2) = djdixsXu) = yyVii + vsyu 
Sq^yis = didiSq^xu) = djdixsXu) = 3/7^14 + ^83/13 

y^^ = S(?"yii = a7rf(S(?^^xi2) = didiSq^Sq^Sq^vu) = ojdixsXis) = v^y] + y/Wis 
y^3 = S(?^^yi3 = didiSq^^Vii) = duUSq^Sq^ + Sq^^Sq^)xu) 
= didiSq^xsXu) = aid{xi2Xis) = t/n^is + ^121/7 

y4 = y2^ = Srj^^yi4 = aH(S^J^^Xl5) = OidiXuXis) = yis^is + W14I/7. 

□ 

Now we proceed to show that the mod 2 cohomology of BSol{q) - L^?BDJ(4) over ^2 
is isomorphic to that of LBD7(4). 

Proposition 5.2. for (p - \p'^ the unstable Adams operation of degree an odd prime power q, 
H*(L^BDJ(4);Z/2) is isomorphic to H*(LBD;(4);Z/2) as algebras over ^2- 

Proof. Using the Wang sequence for Z/4 and the Bocks tetn sequence, we can choose an 
element wg e ker(Srj^) n ker(Sq^Sq^) c (l*)~^(xs) by the same observation in the proof of 
Proposition 13.21 

Put M12 = Sq^us,uu = Sq^ui2 and 1/15 = S<^^Mi4. Then we have Sq^Uj - (i - 8, 12, 15). 
And by dimensional reason, we have Sq^ug — 0. Therefore Sq^u^ - Sq'^Sq'^ug = {Sq^Sq^ + 
Sq^Sq^ + Sq^Sq^)u8 = 0. Since H^^{BDI{A);Z/2) = and t*(S/wi2) = xgXu, using the Wang 
sequence for Z/2 we have Sq^uu = M8Wi2- Other operations are calculated as follows: 



Sq^uii 


= Sq^Sq^Ui2 


= 


Sq'^uu 


= Sq'^Sq^Us - 


= Sq^Sq^Us = 


Sq^Uu 


= Sq^Sq^Ui2 


= {Sq'^Sq^ + Sq^Sq^)ui2 = ugUu 


Sq'^uis 


= Sq^Sq^Us - 


= Sq'^us - 


S(?^Mi5 


= Sq'^Sq^Us - 


= Sq^^us = 


Sq^uis 


= Sq^Sq^Uii 


= {Sq'^ + Sq^Sq'^)uii = Sq^Sq^Uu = ws^^is 



Hence we can construct a section r by x, i-> Uj. 



□ 
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